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Abstract
We study future observational constraints on cosmic string parameters from various types of
next-generation experiments: direct detection of gravitational waves (GWs), pulsar timing ar-
ray, and the cosmic microwave background (CMB). We consider both GW burst and stochastic
GW background searches by ground- and space-based interferometers as well as GW back-
ground detection in pulsar timing experiments. We also consider cosmic string contributions to
the CMB temperature and polarization anisotropies. These different types of observations offer
independent probes of cosmic strings and may enable us to investigate cosmic string properties
if the signature is detected. In this paper, we evaluate the power of future experiments to con-
strain cosmic string parameters, such as string tension Gµ, initial loop size α, and reconnection
probability p, by performing Fisher information matrix calculations. We find that combining the
information from the different types of observations breaks parameter degeneracies and provides
more stringent constraints on the parameters. We also find future space-borne interferometers
independently provide a highly precise determination of the parameters.
1 Introduction
Cosmic strings are linear topological defects which are formed at spontaneous symmetry breaking
(SSB) in the early Universe [1] (as a review, see Ref. [2]). Some inflation models based on superstring
theory predict fundamental strings, D-strings and their bound states of cosmological length. Such
stringy cosmic strings are called cosmic superstrings [3–5]. They form a complicated string network,
which consists of infinite strings and closed loops, and may leave remarkable signatures in the universe
through their nonlinear evolution. If their signals are observed, not only the existence of cosmic
strings will be confirmed but their properties might be studied. This enables us to obtain implications
for both the history of the universe such as inflation or SSB, and for physics beyond the Standard
Model of particle physics such as grand unified theory (GUT) or superstring theory through the study
of cosmic strings. Therefore, cosmic strings are important probes of both cosmology and particle
physics, and we are motivated to study how the properties of cosmic strings can be determined by
future experiments.
Various types of observational signatures of comic strings have been studied intensively. One of
them is the gravitational wave (GW) [6–17]. The main source of GWs in the string network is cusps
on loops. 1 A cusp is a highly Lorentz boosted region on a loop which appears O(1) times in an
oscillation period of the loop and it emits a strong beam of GWs, which we call a “GW burst”.
The GW bursts can be detected in two different forms. One is “rare bursts”, which are infrequent
but strong enough to be detected alone. The other is a stochastic GW background, which consists
of many small bursts overlapping each other [10, 11]. In our previous paper [20], we studied how
cosmic string parameters are determined by direct detection of GWs in future ground-based GW
experiments, such as Advanced LIGO [21], Advanced Virgo [22] and KAGRA [23], and showed that
measurements of the burst rate and the GW background provide different information and leads to
better constraints on parameters when they are combined.
In this paper, we extend our previous study in two ways. First, in addition to the ground-
based detectors, we consider other types of GW experiment, that is, direct detection by space-borne
interferometers such as eLISA/NGO [24], BBO [25] or DECIGO [26], and observation of the GW
background in pulsar timing experiments, such as Parkes PTA [27], EPTA [28,29], NANOGrav [30,31]
or SKA [32]. These different types of GW experiment provide different information, since each type
of experiment has its best sensitivity at different frequency: ∼ 102Hz for ground-based detectors,
∼ 10−2Hz for eLISA/NGO, ∼ 10−1Hz for DECIGO and BBO, and ∼ 10−8Hz for pulsar timing
experiments. Gravitational waves in different frequency bands are emitted at different redshifts and
carry information on cosmic strings living in different epochs of the Universe.
Second, we also take into account observation of the cosmic microwave background (CMB).
Cosmic strings may induce temperature and polarization fluctuations in CMB through gravitational
effects, which is also an important observational signature of cosmic strings and studied intensively
(for example, see Refs. [33–47]). Although current CMB observations indicate that cosmic strings are
1 Concerning the stochastic GW background, kinks make contribution comparable with cusps [16], which we do not
take into account in this paper. For cosmic superstrings each loop may have many kinks on itself, and in such a case
GWs from kinks may dominate that from cusps both in the rate of rare bursts and the amplitude of the stochastic
background [18,19]. However, such a contribution strongly depends on the fraction of loops with junctions. So we do
not consider their contribution in this paper.
1
not the dominant source of CMB fluctuations, the string signatures might be observed in small-scale
fluctuations and/or B-mode polarization by future experiments such as Planck [48] and CMBpol
[49]. Expected constraints on cosmic string parameters by these experiments are already studied in
Ref. [64] by Fisher information matrix calculations. In this paper, we consider combination of the
constraints with GW experiments, which are expected to provide different information on cosmic
strings.
As in Ref. [20], in this paper, we focus on three parameters which characterize cosmic string
network. The first one is string tension µ, or the product of it and Newton constant G, Gµ. It
represents the energy stored per unit length in a cosmic string. For the field theoretic string, it is
comparable to the square of the energy scale of SSB, while for the cosmic superstring, it is determined
by the energy scale of the superstring theory and the warp factor of the extra dimension where the
string is located. The value of Gµ affects not only the amplitudes of the GW bursts and GW
background but also the spectral shapes through the change of the lifetime of loops. The amplitude
of CMB fluctuations is also affected by the value of Gµ.
The second one is initial loop size α. The typical size of a loop at its formation is characterized
by αt, where t is the time of the loop formation. In principle, the value of α can be predicted, if we
can solve the nonlinear evolution of the string network, and there are many works which attempt to
determine the value of α with numerical or analytical methods [50–62]. However, it is not yet clearly
understood, so we treat α as a free parameter. The value of α affects both the GW burst rate and
the GW background spectrum. On the other hand, the CMB signature is independent from α, since
it is induced mainly by infinite strings and the contribution from loops is negligible.
The third one is reconnection probability p. For field theoretic strings, p is roughly equal to unity
while for cosmic superstrings, it can be much smaller than 1. The string network becomes denser
as p gets smaller. This leads to the enhancement of the burst rate, the GW background spectrum,
and the CMB fluctuations. The shape of the CMB power spectrum is also affected, since the typical
length scale of the string network becomes smaller and the average velocity of the strings becomes
larger.
In this paper, we aim to investigate the abilities of the different types of experiments to constrain
string parameters and study how they complement each other. We calculate the burst rate and
the GW background spectrum using the formulation described in Ref. [20]. For CMB, we use
CMBACT [63], which calculates the power spectrum by approximating the string network as an
ensemble of randomly oriented straight segments [36]. Finally, we predict constraints on Gµ, α and
p from the future experiments by performing Fisher matrix calculations and find that the different
types of experiment break the degeneracies in the parameters and help to tighten the constraints
when they are combined.
This paper is constructed as follows. In Sec. 2, we briefly review the model to describe the cosmic
string network and the methods to calculate GWs from string loops and CMB power spectra induced
by strings. In Sec. 3, we describe the sensitivities of current and future experiments and the Fisher
matrix formalism for direct detection, pulsar timing, and CMB experiments. In Sec. 4, we first
show the parameter space to be explored by these experiments, and then calculate constraints on the
cosmic string parameters for three fiducial models. We summarize the paper in Sec. 5. Throughout
the paper, we use the cosmological parameters from the 7-year WMAP data (WMAP+BAO+H0
mean) [70]: the ratio of the present energy density of baryon to the critical density Ωbh
2 = 0.02255,
2
that of cold dark matter Ωch
2 = 0.1126, that of dark energy ΩΛ = 0.725, the spectral index of
the primordial curvature perturbation ns = 0.968, the reionization optical depth τ = 0.088, the
amplitude of the primordial curvature perturbation ∆2R(k0) = 2.43 × 10−9 at k0 = 0.002Mpc−1,
Hubble constant H0 = 70.2km/s/Mpc and the primordial helium abundance Yp = 0.326.
2 Calculation of various types of cosmic string signatures
In this section, we briefly mention how to calculate the observational signatures of cosmic strings.
After explaining the analytic model of the cosmic string network, we describe the formalism to
calculate the burst rate, the GW background spectrum and the CMB power spectrum and mention
their dependence on string parameters.
2.1 The model of the cosmic string network
As in our previous paper [20], we adopt the model in Refs. [65, 66], which is based on the velocity-
dependent one-scale model [67]. The network of infinite strings is considered as a random walk with
a correlation length ξ, which corresponds to the typical curvature radius and interval of infinite
strings, and the total length L of infinite strings in volume V is given by L = V/ξ2. The equations
for γ ≡ ξ/t and the root mean square velocity of infinite strings v are given by
t
γ
dγ
dt
= −1 +Ht+ c˜(t)pv
2γ
+Htv2, (1)
dv
dt
= (1− v2)H
(
k(v)
Htγ
− 2v
)
, (2)
where k(v) = 2
√
2
pi
1−8v6
1+8v6
[69]. The Hubble parameter is given by
H(t) ≡ a˙
a
= H0
[
ΩΛ + Ωm(1 + z)
3 + Ωr(1 + z)
4
]1/2
, (3)
where a(t) is the scale factor, 1 + z = a0/a(t) is the redshift, a0 is the present value of the scale
factor, Ωm = Ωb + Ωc and Ωr is the ratio of the present energy density of radiation to the critical
density. The parameter c˜(t) represents the efficiency of loop formation. The value of this parameter
between the radiation-dominated era and the matter-dominated era is interpolated by
c˜(t) =
cr +
gcm
1+z
1 + g
1+z
, (4)
where we set cr = 0.23, cm = 0.18 and g = 300 according to [36,68]. With these values, the evolution
of gamma and v agrees with results from numerical simulations such as [67].
The parameters γ(t) and v(t) have different time evolutions depending on the Hubble expansion
rate. In our previous paper, we used the asymptotic values for each radiation-dominated and matter-
dominated Universe. However, in this paper, since we additionally investigate the effect on the CMB
3
(a) γ for p = 1, 10−1, 10−2. (b) v for p = 1, 10−1, 10−2.
Figure 1: The time evolution of γ and v for different values of p.
fluctuations, which are produced near the transition from the radiation-dominated to the matter-
dominated Universe, we numerically solve Eqs. (1) and (2) to evaluate the values of γ(t) and v(t).
Their initial values are determined by the solution of dγ/dt = 0 and dv/dt = 0 in the radiation-
dominated era with c˜ = cr and Ht = 1/2.
Figs. 1(a) and 1(b) show the time evolutions of γ(t) and v(t) and their dependence on the
reconnection probability p. For p = 1, γ and v reach the asymptotic values in the matter-dominated
era from those in the radiation-dominated era by z ∼ 102. After the dark energy becomes dominant
component of the universe at z . 1, γ begins to increase and v begins to decrease, because the
exponential expansion of the universe dilutes strings and makes them slow down. For small p, we
see the overall magnitude of γ decreases as p decreases, the dependence is proportional to p−1 and
p−1/2 for the radiation- and matter-dominated era, respectively [20]. The asymptotic value of v is
approximately 1/
√
2 in both the radiation- and matter-dominated eras.
2.2 Gravitational waves from cosmic string loops
Here, we briefly describe the formalism to calculate GWs from cosmic strings. The detail is described
in our previous paper [20], or originally in Refs. [10–13].
Since the main source of GWs in the string network is cusps on loops, we first evaluate the
density of loops in the Universe in order to calculate GWs from them. In the scaling regime, where
the typical length scale of infinite strings is proportional to the Hubble scale and their number in a
Hubble horizon remains constant, infinite strings continuously convert their length into loops. The
number density of loops formed at time ti is given by
dn
dti
(t, ti)dti =
dti
αγ(ti)2t4i
(
a(ti)
a(t)
)3
, (5)
at time t. Loops continue to shrink by releasing energy as GWs and eventually evaporate. The
length of a loop formed at ti is given by
l(t, ti) = αti − ΓGµ(t− ti), (6)
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for time t. Here, Γ is a constant which represents the efficiency of the GW emission from loops and
set to 50 in this paper. If α ≫ ΓGµ, loops are long-lived, that is, they survive more than a Hubble
time. On the other hand, if α ≪ ΓGµ, loops are short-lived, and they evaporate within a Hubble
time. Using Eqs. (5) and (6), we can describe the number density of loops in terms of length l and
time t.
Cusps emit GWs of f ≫ l−1 into a small solid angle. The linearly polarized waveform of a GW
burst emitted in a direction n by a loop with length l at redshift z is given by
hµν(t,n) =
∫
dfh(f, z, l)e−2piifte+µν(n)×Θ(n · nc − cos [θm(f, z, l)])×Θ(1− θm(f, z, l)), (7)
where nc is the direction of the center of the burst, θm is the beaming angle of the GW burst which
is given by
θm(f, z, l) = ((1 + z)fl)
−1/3, (8)
and e+µν = lµmν−lνmµ is the polarization tensor (for plus polarization), where lµ = (0, l), mµ = (0,m)
and l and m are unit vectors orthogonal to n and each other. The Fourier transform of the GW
amplitude, h(f, z, l), is given by
h(f, z, l) ≈ 2.68 Gµl
((1 + z)fl)1/3r(z)f
, (9)
where r(z) =
∫ z
0
dz′/H(z′). The first Heviside step function Θ in Eq. (7) is introduced to account
for the beaming of the GW and the second one is for the low frequency cutoff at f . l−1.
The arrival rate of GW bursts with frequency f and amplitude h emitted at redshift z is given
by
dR
dzdh
(f, h, z) =
3
4
θ2m(f, z, l)
c
(1 + z)h
1
γ(ti)2αt4i
1
α + ΓGµ
(
a(ti)
a(t)
)3
dV
dz
Θ(1− θm(f, z, l)), (10)
where
dV
dz
(z) =
4pia2(z)r2(z)
H(z)(1 + z)
. (11)
From Eqs. (6) and (9), l and ti can be expressed as
l(f, h, z) =
(
hr(z)
2.68Gµ
(1 + z)1/3f 4/3
)3/2
, (12)
ti(f, h, z) =
l(f, h, z) + ΓGµt(z)
α + ΓGµ
, (13)
which enables to express Eq. (10) in terms of h, z, and f . Finally, the total arrival rate of GWs
today for given frequency and amplitude is given by
dR
dh
=
∫ ∞
0
dz
dR
dhdz
. (14)
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The GW bursts are identified as a single burst if they do not overlap each other. In contrast,
bursts overlapping each other are observed as a GW background. Namely, a GW background is
formed by bursts which come to the observer with a time interval shorter than the oscillation period
of themselves. According to the criteria in Ref. [13], such bursts have amplitude smaller than h∗,
which is determined for a given frequency as∫ ∞
h∗
dh
dR
dh
= f. (15)
Then, the amplitude of a GW background, ΩGW(f) ≡ (dρGW/d ln f)/ρcr, where ρGW is the energy
density of the GWs and ρcr is the critical density of the universe, is given by
ΩGW(f) =
2pi2
3H20
f 3
∫ h∗
0
dhh2
dR
dh
. (16)
The main contribution to ΩGW at frequency f comes from loops expiring at the redshift which
satisfies min{α,ΓGµ} × t ∼ f−1(1 + z)−1 in the radiation-dominated era or loops expiring recently.
Here, we briefly mention the parametric dependence of the burst rate and ΩGW. The burst rate
and the amplitude of the GW background are basically enhanced as Gµ increases. However, the
value of Gµ also affects the spectral shape of the burst rate and GW background, since the number
density of loops are affected by Gµ through the lifetime of loops. This is important especially in
the case of Gµ > α, where Gµ determines the size of expiring loops. The large value of α decreases
the initial number density of loops. However, it also has an effect to increase the number density of
loops, since large α makes the lifetime of loops longer. Therefore, the effects of α on the burst rate
and the background depend on values of f , h and the other parameters. Larger p simply leads to a
larger burst rate and larger amplitude of the background, through the factor γ−2 in Eq. (10). We
refer to Ref. [20] for more detailed discussion.
2.3 CMB fluctuations induced by cosmic strings
Here, we describe the method to calculate the power spectra of CMB fluctuations produced by cosmic
strings. We refer to Refs. [36, 63] for the details.
The evolution of the string network is highly non-linear and produce all types of perturbations:
scalar, vector and tensor modes. For the calculation of the CMB power spectra, we use a code based
on CMBACT [63], which we modify to include the time evolution of γ and v. This code is based on
the semi-analytical method described in Ref. [36], which models the string network as an ensemble
of discrete straight line segments. The length and the velocity of each segment are set to the solution
of Eqs. (1) and (2). The position and the direction of the velocity are randomly selected for each
segment. At each time step, some segments are removed so that the number density of strings is
consistent with the scaling. Then, we can derive the energy-momentum tensor of such a simplified
network and compute the power spectra of CMB fluctuations. In this paper, we assume that infinite
strings have no wiggliness, which is introduced in Ref. [36]).
Here, we briefly discuss the parametric dependencies of the CMB power spectra. More detailed
discussion is given in Ref. [42]. In Figs. 2 and 3, we show the CMB power spectra of temperature
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(a) Dependence of the temperature spectrum on
Gµ. The green, black and red solid lines represent
the spectra for Gµ = 10−6.5, Gµ = 10−7 and Gµ =
10−7.5, respectively, with p fixed to 1.
(b) Dependence of the temperature spectrum on
p. The black, red and green solid lines represent
the spectra for p = 1, p = 10−0.5 and p = 10−1,
respectively, with Gµ fixed to 10−7.
Figure 2: The power spectra of CMB temperature fluctuations induced by strings for various param-
eter sets. In each figure, the black solid line represents the spectrum for the fiducial parameter set
taken for the Fisher analysis in Sec. 4.3. We also show the spectrum predicted by inflation as a blue
dotted line and the expected noise levels for Planck and CMBpol as a black and orange dotted line,
respectively.
fluctuations CTT,strl and B-mode polarization C
BB,str
l induced by cosmic strings, respectively, for var-
ious parameter sets. We also show the temperature spectrum induced by the inflationary primordial
perturbations CTT,infl in Fig. 2, the B-mode polarization from the inflationary GWs C
BB,inf
l and that
from the gravitational lensing of E-modes CBB,lenl in Fig. 3, which are calculated by CAMB [95,96].
In addition, we plot the expected noise levels of Planck and CMBpol, which is given by the sum of
the instrumental noise and the cosmic variance
l(l + 1)
2pi
N totT ;l =
l(l + 1)
2pi
√
2
(2l + 1)l
(CTT,infl +NT ;l), (17)
for temperature fluctuations, and
l(l + 1)
2pi
N totB;l =
l(l + 1)
2pi
√
2
(2l + 1)l
(CBB,lenl +NP ;l), (18)
for B-modes. 2 The instrumental noise spectra for the temperature NT ;l and the polarization NP ;l
are defined in Sec. 3.
2The variance of Ci
l
is given by (∆Ci
l
)2 = 2
2l+1
(Ci
l
+ Na;l)
2, where i denotes TT or BB and a denotes T or P .
When we take a logarithmically homogeneous binning of l with bin width ∆ ln l = 1, there are l multipoles in a bin at
l. Since different multipoles are independent, the noise level par each bin should be given by ∆Ci
l
/
√
l. This allows us
rough estimation of the detectability of the signal by eye in Figs. 2 and 3.
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(a) Dependence of the B-mode spectrum on Gµ.
The green, black and red solid lines represent the
spectra for Gµ = 10−6.5, Gµ = 10−7 and Gµ =
10−7.5, respectively, with p fixed to 1.
(b) Dependence of the B-mode spectrum on p. The
black, red and green solid lines represent the spec-
tra for p = 1, p = 10−0.5 and p = 10−1, respec-
tively, with Gµ fixed to 10−7.
Figure 3: The power spectra of CMB B-mode polarization induced by strings for various parameter
sets. In each figure, the black solid line represents the spectrum for the fiducial parameter set taken
in the Fisher analysis in Sec. 4.3. The blue dotted line is the spectrum induced by the inflationary
GWs. The tensor-to-scalar ratio r is set to 0.1. The purple dotted line is the spectrum of B-mode
polarization generated through the gravitational lensing of the inflationary E-mode polarization. The
black and orange dotted line represent the expected noise levels for Planck and CMBpol, respectively.
The power spectrum of CMB temperature fluctuations induced by strings has a single bump,
unlike the acoustic oscillations seen in the inflationary CMB power spectra. This is because strings
generate fluctuations constantly and such fluctuations are incoherent, while the primordial fluctu-
ations generated during inflation oscillate coherently. The peak of CTT,strl corresponds to the scale
of the perturbations generated at last scattering. Another important difference is that CTT,strl does
not decay exponentially as l increases in contrast to the Silk dumping of the inflationary spectrum
at large l. This makes CTT,strl larger than C
TT,inf
l at high l and it may be observable by future
experiments3. The B-mode power spectrum also does not have oscillations, but has two bumps. The
bump at high l and that at low l correspond to the polarization generated around last scattering
and around reionization, respectively. If the amplitude of the primordial gravitational wave is small,
strings can be the main source of B-mode polarization.
The dependence of CMB power spectra on Gµ is simple. The amplitudes of temperature and
polarization fluctuations are proportional to Gµ, so the power spectra are proportional to (Gµ)2.
The effect of p arises through the correlation length of the string network γ and the r.m.s. velocity
of strings v. For small p, γ becomes smaller and v becomes larger. If p is small, the small value of
γ makes the string network denser and enhances the amplitude of the CMB fluctuations. Also, the
small correlation length γ makes the typical scale of perturbations smaller. However, at the same
3 The power spectra of E-mode polarization CEE
l
and the cross-correlation between temperature and E-mode CTE
l
by strings also decay more slowly than the inflationary spectrum at high l. However, they have small amplitude and
do not affect the observation when we assume realistic parameters.
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time, large v makes the typical scale of perturbations larger [42]. Since the two effects on the typical
scale of perturbations compensate, we find no apparent shift of the peak in Figs. 2 and 3 with the
change of the value of p. While these effects tend to compensate, small effects are seen in the width
of the peak and the slope of the small-scale spectrum.
Since the CMB anisotropy is induced not by loops but by infinite strings, the CMB power spectra
do not depend on α.
3 Formalism to evaluate the sensitivity and the constraints
on parameters in each experiment
In this section, we describe the method to calculate the Fisher information matrix, which is used
to estimate the power of each experiment to determine the string parameters. For GW burst and
background detection by interferometers, Ref. [20] provides more detailed derivations.
Given a data-set of experiments, the parameter values that are most likely to result in the model
prediction are those which maximize the likelihood function L. Such a method for parameter es-
timation is called the maximum likelihood method and widely used in the analysis of cosmological
observations [73]. The error in this estimation can be predicted by calculating the Fisher information
matrix
Flm ≡ − ∂
2 lnL
∂θl∂θm
. (19)
Assuming a Gaussian likelihood, the expected error in the parameter θl is given by
σθl =
√
(F−1)ll. (20)
3.1 GW burst detection
The search for GW bursts signals from cosmic strings is performed by matched filtering [71, 72],
where we assume that the burst signal from a cosmic string cusp is linearly polarized and have the
frequency dependence of f−4/3. Then, the spectrum form is expressed by
h+(f) = Af−4/3Θ(fh − f)Θ(f − fl), (21)
where the amplitude A can be read from Eq. (9). The low frequency cutoff fl is given by the low
frequency limit of the experiment and the high frequency cutoff fh is typically given by the most
sensitive frequency of the detector [74]. The signal to noise ratio(SNR) ρ is given by
ρ =
[
4
∫ fh
fl
df
|hˆ(f)|2
Sn(f)
]1/2
, (22)
where the GW signal hˆ(f) = F+h+(f) is given by multiplying the detector response to plus polarized
GWs F+. Effectively, F+ can be replaced with the all sky-averaged value for orthogonal arm detec-
tors, F+ ∼ 1/√5 for a single detector, or F+ ∼ 1 for the GW detector network which has 100% visibil-
ity over the whole sky. The noise spectral density Sn(f) is defined by 〈n(f)∗n(f)〉 ≡ Sn(f)δ(f−f ′)/2,
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where n(f) is the Fourier transform of the detector noise n(t) and 〈· · · 〉 denotes the ensemble average.
In this paper, we take the detection threshold as ρ > 4 [10].
For current LIGO, the noise spectrum is given by
Sn(f) = 1.09× 10−41
(
30Hz
f
)28
+ 1.44× 10−45
(
100Hz
f
)4
+1.28× 10−46
(
1 +
(
90Hz
f
)−2)
Hz−1. (23)
and we take fl = 40Hz and fh = 150Hz [71]. The detection threshold ρ > 4 corresponds to the
detection limit A ≃ 9.1× 10−21s−1/3 or fh ≃ 1.7× 10−21 at f = 150Hz. For the future ground-based
GW detectors, such as Advanced-LIGO, we use
Sn(f) = 10
−49
[
x−4.14 − 5
x2
+ 111
(
2− 2x2 + x4
2 + x2
)]
Hz−1, (24)
where x = f/(215Hz) [75], and we take fl = 10Hz and fh = 220Hz. If we consider a world-wide
detector network and assume F+ ∼ 1, the detection limit is A ≃ 2.1×10−22s−1/3 or fh ≃ 3.4×10−23
at f = 220Hz. For eLISA/NGO, we use
Sn(f) =
20
3
4Sacc + Ssn + Somn
L2
(
1 +
(
f
0.41( c
2L
)
)2)
, (25)
where Sacc = 1.37× 10−32
(
1 + 10
−4Hz
f
)
f−4m2s−4Hz−1, Ssn = 5.25× 10−23m2Hz−1 and Somn = 6.28×
10−23m2Hz−1 with the arm length L = 1.0× 106km [24], a take fl = 10−6Hz and fh = 7.0× 10−3Hz.
Then, the detection limit is A ≃ 8.9 × 10−22s−1/3 or fh ≃ 5.8 × 10−21 at f = 7.0 × 10−3Hz. For
BBO or DECIGO, whose sensitivities are roughly the same, we use the configuration of BBO. It is
designed to use a technique called time-delay interferometry, and the noise spectrum is given by
Sn(f) =
(
RA(f)
SA(f)
+
RE(f)
SE(f)
+
RT (f)
ST (f)
)−1
. (26)
The subscripts (A,E,T) denote the TDI variables and each noise spectrum is given by
SA(f) = SE(f) = 8 sin
2(fˆ/2)[(2 + cos fˆ)Sshot + 2(3 + 2 cos fˆ + cos(2fˆ))Saccel],
ST (f) = 2[1 + 2 cos fˆ ]
2[Sshot + 4 sin
2(fˆ /2)Saccel], (27)
where Sshot = 2.0×10−40/(L/km)−2Hz−1 and Saccel = 9.0×10−40/(2pif/Hz)−4/(2L/km)−2Hz−1 with
the arm length L = 5.0×104km. For the calculation of the detector response RA,E,T , see Ref. [76]. We
take fl = 0.1Hz and fh = 0.25Hz, where the low-frequency cutoff is determined to take into account
the confusion noise from white dwarf binaries. This leads to the detection limit A ≃ 1.2× 10−24s−1/3
or fh ≃ 1.9× 10−24 at f = 0.25Hz.
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Let us suppose that we detect a sufficient number of GW bursts at fbest, at which the detector
is most sensitive. Under the assumption that the number of bursts follows a Poisson distribution
[77–79], the Fisher matrix is given by
Flm =
∫ ∞
hmin
∂Φ
∂θl
∂Φ
∂θm
1
Φ
dh, (28)
where Φ(h) ≡ dR/dh × T , which is a function of the model parameters, T is the observation time
and hmin is the smallest amplitude of the detectable burst at f = fbest.
3.2 Search for the stochastic GW background by interferometers
The GW background is searched by correlating output signals of two or multiple interferometers.
The SNR in such a correlation analysis with N detectors is given by [80, 81]
ρ =
[
N∑
I=1
N∑
J<I
ρ2IJ
]1/2
, (29)
where
ρIJ =
2
5
√
2T
[∫ ∞
0
df
Sh(f)
2|γIJ(f)|2
RIJ(f)
]1/2
, (30)
RIJ(f) =
(
2
5
)2
Sh(f)
2
(|γIJ(f)|2 + γIIγJJ)+ 2
5
Sh(f) (γII(f)Sn,J(f) + γJJSn,I(f)) + Sn,I(f)Sn,J(f),
(31)
and T is the observation time. The subscripts I and J refer to independent signals obtained at
each detector or TDI variables (A,E,T). The overlap reduction function between the I-th and J-th
detector γIJ is given by
γIJ(f) ≡ 5
8pi
∫
dΩˆ(F+I (f, Ωˆ)F
+
J (f, Ωˆ) + F
×
I (f, Ωˆ)F
×
J (f, Ωˆ))e
−2piifΩˆ·(xI−xJ), (32)
where F+I or F
×
I is the detector response to plus or cross polarized GWs of the I-th detector, xI
is the position of the I-th detector and Ωˆ is the direction of GWs. We calculate γIJ following the
procedure given in Ref. [82] for ground-based detectors and Ref. [83] for BBO. The signal spectrum
can be corresponded to ΩGW as
Sh(f) =
3H20
4pi2f 3
ΩGW(f). (33)
In the weak signal approximation, Sh(f)≪ Sn,I(f), Eq. (30) reduces to
ρIJ ≃ 3H
2
0
10pi2
√
2T
[∫ ∞
0
df
|γIJ(f)|2ΩGW(f)2
f 6Sn,I(f)Sn,J(f)
]1/2
. (34)
The weak signal approximation is valid for ρ . 200 [81, 85].
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From the non-detection of GW background, we can put an upper limit on ΩGW. Current LIGO
detectors set an upper bound of ΩGW < 7.2 × 10−6 for 41.5Hz < f < 169.25Hz, assuming a flat
spectrum. A 3-year run of the future detector network including Advanced LIGO, Advanced Virgo
and KAGRA, would reach ΩGW = 4.5×10−9 at 10Hz < f < 200Hz. A 3-year run of BBO/DECIGO
would provide ΩGW = 9.2 × 10−17 for 0.1Hz < f < 10Hz. Since eLISA/NGO is designed to have
only one independent channel, we do not consider the cross correlation analysis in eLISA/NGO.
The Fisher matrix for the GW background measurement is generally given by
Flm =
N∑
I=1
N∑
J<I
8T
25
∫ ∞
0
df
|γIJ(f)|2∂θlSh(f)∂θmSh(f)
RIJ(f)
. (35)
Under the weak signal approximation, it reduces to [84, 85]
Flm =
(
3H20
10pi2
)2
2T
N∑
I=1
N∑
J<I
∫ ∞
0
df
|γIJ(f)|2∂θlΩGW(f)∂θmΩGW(f)
f 6Sn,I(f)Sn,J(f)
. (36)
3.3 Search for the stochastic GW background in pulsar timing experi-
ments
Pulsar timing experiments provide a unique opportunity to observe GWs in low-frequency band
10−9 − 10−7Hz [86–88] (for a review, see Ref. [89]). The analysis is based on the measurement of
pulse time-of-arrival (TOA) variations. The stochastic GW background causes fluctuations in the
TOAs. One can extract the signal from noise associated with individual pulsars by correlating TOAs
between different pulsars.
We follow the formalism described in Ref. [92] to calculate the SNR and the Fisher matrix for
detection of GWs in pulsar timing experiments. Let us assume observations of M ≫ 1 pulsars at
time t0, t1, ..., tN−1 with the time interval ∆t. The total observation time is T = N∆t and N ≫ 1.
Then, we can make Np =M(M − 1)/2 pulsar pairs from M pulsars. We denote the timing residual
of i-th pulsar at time ta as Ri(ta). The correlation coefficient of i-th pair is defined as
ri ≡ 1
N
N−1∑
a=0
Ri1(ta)Ri2(ta), (37)
where i1 and i2 is the number allocated to the first and second pulsar in the i-th pair. Under the
existence of the isotropic stochastic GW background, the ensemble average of ri is [90]
〈ri〉 = σ2gζ(θi), (38)
where σg is the root mean square of the timing residuals induced by the GW background and given
by
σ2g =
∫ fh
fl
PR(f)df. (39)
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The highest and lowest frequency of GWs are given by fh = 1/2∆t and fl = 1/T . The power
spectrum of the timing residuals PR is defined as 〈Ri(f)Ri(f ′)〉 = PR(f)δ(f−f ′)/2 and that induced
by the GW background is given by
PR(f) =
H20
8pi4f 5
ΩGW(f). (40)
Note that ri induced by the GW background has a specific dependence on the angle between the
direction to i1-th and i2-th pulsars, θi. This dependence is characterised by ζ(θi), which is described
as
ζ(θ) =
3
2
x ln x− x
4
+
1
2
(1 + δ(x)), x =
1− cos θ
2
, δ(x) =
{
1 ; for x = 0
0 ; otherwise
. (41)
The signature of the GW background can be extracted by calculating the following quantity,
S =
1
Np
∑Np−1
i=0 (ri − r¯)(ζ(θi)− ζ¯)
σrσζ
, (42)
where r¯ and ζ¯ are the arithmetic mean over all pairs of pulsars, and σ2r and σ
2
ζ are the sample variance
of r and ζ . We define this quantity as a “signal”. If pulsars are distributed isotropically, ζ¯ = 0 and
σ2ζ = 1/
√
48. Hereafter, we replace ζ¯ and σ2ζ by these values. The ensemble average of S is given by
〈S〉 = σ
2
gσζ√
σ4gσ
2
ζ + σ
2
∆r
, (43)
where
σ2∆r =
1
Np
Np−1∑
i=0
〈
(ri − 〈ri〉)2
〉
. (44)
If there is no correlation between data of different pulsars, 〈ri〉 = 0, S follows a Gaussian distribution
with zero mean and variance 1/Np. Therefore, we define the SNR as ρ ≡ 〈S〉
√
Np.
We assume that the noise of each pulsar is white and uncorrelated with that of the other pulsar
and the signal of GWs. We also assume that all pulsars have the same noise and denote the root
mean square of time residuals induced by noise as σn. Then, the SNR becomes
ρ =
√
M(M − 1)/2
1 +
[
χ(1 + ζ¯2) + 2(σn/σg)2 + (σn/σg)4
]
/Nσ2ζ
, (45)
where
χ =
1
Nσ4g
N−1∑
a=0
N−1∑
b=0
c2ab, cab = 〈Ri(ta)Ri(tb)〉 . (46)
Assuming that PR(f) is the monotonically decreasing function of f , the SNR can be enhanced
by low-pass filtering and whitening, which modifies the SNR to [92]
ρ˜ =
√
M(M − 1)/2
1 + σ˜2∆r/σ˜
4
gσ
2
ζ
, (47)
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where
σ˜2g =
2
N
σ2d
Nmax∑
i=1
PR(i)
Pd(i)
, σ˜2∆r =
2σ4d
N2
Nmax∑
i=1
(
1 +
(
PR(i)
Pd(i)
)2
ζ¯2
)
. (48)
Here, we define the discrete power spectra for the i-th frequency bin as
Pg(i) ≡
∫ fi+1
fi
dfPR(f), Pn(i) ≡
∫ fi+1
fi
dfPn(f) =
2σn
N
, Pd(i) ≡ Pg(i) + Pn(i), (49)
where
fi =
{
0.97
T
; for i = 1
i−0.5
T
; for i > 1
. (50)
The summation is carried out only over the frequency bins in which the GW signal dominates the
noise, Pg(i) > Pn, and we define Nmax as the number of the highest frequency bin.
Since we use the discrete power spectra and Nmax is discrete, the SNR given in Eq. (47) is a
discontinuous function of model parameters. This is inevitable as long as the TOA data are sampled
at discrete time intervals. However, for the Fisher matrix calculation, we replace the equations by
the expression of the continuous power spectrum,
ρˆ =
√
M(M − 1)/2
1 + σˆ2∆r/σˆ
4
gσ
2
ζ
, (51)
σˆ2g =
σ2d
fh − fl
∫ fmax
fl
df
PR(f)
Pn(f)
, (52)
σˆ2∆r =
σ4d
N(fh − fl)
∫ fmax
fl
df
[
1 +
(
PR(f)
Pn(f)
)2
ζ¯2
]
. (53)
Here, fmax is given by PR(fmax) = Pn(fmax). Then, Eq. (51) become a smooth function of the
parameters, and is a good approximation of Eq. (47) for Nmax ≫ 1. Using Eq. (51), we can calculate
the Fisher matrix as
Fij = 1
N2
∂S
∂θi
∂S
∂θj
, (54)
where S =
(
1 + σˆ2∆r/σˆ
4
gσ
2
ζ
)−1/2
and N = (M(M − 1)/2)−1/2. If the interval of the discontinuity
in Eq. (47) is much smaller than the error width derived from the Fisher matrix Eq. (54), it is
consistent to approximate Eq. (47) by Eq. (51) and Eq. (54) provides a good prediction. This is
the case in our fiducial model investigated in the next section.
In this paper, we consider SKA, the future radio telescope array which is expected to discover
a large number of pulsars and observe pulses with high accuracy, and take the parameters as N =
500,M = 100, σn = 50ns, T = 10years, according to Ref. [91]. The detection threshold is taken as
ρ > 4 again. NANOGrav, one of the latest experiments, have placed the upper bound of the GW
background, ΩGW < 1.9× 10−8 for f ≃ 1/(5years) = 6.3× 10−9Hz, under the assumption that ΩGW
has a power-law spectrum [31].
bands [GHz] θFWHM [arcmin] σT [µK] σP [µK]
70 14.0 4.7 6.7
100 10.0 2.5 4.0
143 7.1 2.2 4.2
217 5.0 4.8 9.8
Table 1: Survey parameters adopted in our analysis for Planck. The values are taken from Ref. [48].
bands [GHz] θFWHM [arcmin] σT [µK] σP [µK]
45 17 5.85 8.27
70 11.0 2.96 4.19
100 8.0 2.29 3.24
150 5 2.21 3.13
220 3.5 3.39 4.79
Table 2: Survey parameters adopted in our analysis for CMBpol. The values are taken from Ref. [49].
3.4 Measurement of CMB fluctuation
The Fisher matrix for measurement of CMB fluctuation is given by [97]
Fij =
∑
l
∑
X,X′
∂CXl
∂θi
Cov−1(CXl , C
X′
l )
∂CX
′
l
∂θj
, (55)
where X and X ′ are summed over the temperature(TT), E-mode polarization(EE), B-mode polariza-
tion(BB) and cross-correlation between temperature and E-mode(TE). Cov is the covariance matrix
and given by
Cov(CTTl , C
TT
l ) =
2
(2l + 1)fs
(CTTl +NT ;l)
2,
Cov(CEEl , C
EE
l ) =
2
(2l + 1)fs
(CEEl +NP ;l)
2,
Cov(CBBl , C
BB
l ) =
2
(2l + 1)fs
(CBBl +NP ;l)
2,
Cov(CTEl , C
TE
l ) =
2
(2l + 1)fs
[
(CTEl )
2 + (CTTl +NT ;l)(C
EE
l +NP ;l)
]
,
Cov(CTTl , C
EE
l ) =
2
(2l + 1)fs
(CTE)2,
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Cov(CTTl , C
TE
l ) =
2
(2l + 1)fs
CTEl (C
TT
l +NT ;l),
Cov(CEEl , C
TE
l ) =
2
(2l + 1)fs
CTEl (C
EE
l +NP ;l),
Cov(CTTl , C
BB
l ) = Cov(C
EE
l , C
BB
l ) = Cov(C
TE
l , C
BB
l ) = 0, (56)
where fs denotes the sky coverage and is set 0.65 for both Planck and CMBpol in this paper. The
noise power spectrum NT,P ;l is given by [98]
NT,P ;l =
[∑
i
(N
(i)
T,P ;l)
−1
]−1
, N
(i)
T,P ;l =
(
θ
(i)
FWHMσ
(i)
T,P
)2
exp

l(l + 1)
(
θ
(i)
FWHM
)2
8 ln 2

 , (57)
where θ
(i)
FWHM is the full width at half maximum of the Gaussian beam and σ
(i)
T,P is the root mean
square of the instrumental noise per pixel for temperature or polarization, for the i-th frequency
band. The frequency bands and parameter values are provided in Tables 1 and 2 for Planck and
CMBpol, respectively.
The current limit on Gµ from CMB experiments is derived in Ref. [94] using WMAP and SPT
data [93]. Their analysis provides the limit of fstr < 0.0175, where
fstr ≡ σ
2
str
σ2inf
, σ2str =
2000∑
l=2
2l + 1
4pi
CTT,strl , σ
2
inf =
2000∑
l=2
2l + 1
4pi
CTT,infl . (58)
We find this constraint corresponds in our model to Gµ < 1.4× 10−7 for p = 1, Gµ < 3.6× 10−8 for
p = 10−1 and Gµ < 1.0× 10−8 for p = 10−2. 4
Future experiments will improve the limit for Gµ by measuring the B-mode. The minimum value
of Gµ reachable by the B-mode measurement can be estimated by
√
σ(Gµ)2 [39], where
σ−2(Gµ)2 = fs
∑
l
2l + 1
2
(CBB,resl +NP ;l)
−2
(
CBB,strl
(Gµ)2
)2
, (59)
and CBB,resl is the residual noise of C
BB
l after removing the contamination from the foregrounds. For
the case where the lensing effect is not removed, CBB,resl = C
BB,len
l , we can probe Gµ > 2.4 × 10−8
for p = 1, Gµ > 8.0 × 10−9 for p = 10−1, and Gµ > 2.6 × 10−9 for p = 10−2 by Planck, and
Gµ > 1.2 × 10−8 for p = 1, Gµ > 3.9 × 10−9 for p = 10−1, and Gµ > 1.2 × 10−9 for p = 10−2 by
CMBpol. Even if we consider the case where the lensing effect is perfectly removed, CBB,resl = 0, the
above values are not improved significantly, because the instrumental noise we assume here is larger
than the lensing noise, CBB,lenl ≪ NP ;l.
4 Note that the string network model assumed in Ref. [94] is different from that in this paper. This causes a small
difference in the shape of the CMB spectrum. We neglect this difference and apply their constraint on ftsr to our
model.
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4 Constraints on string parameters from future experiments
In this section, we forecast constraints on the cosmic string parameters expected from various types of
future experiments, using the Fisher matrix calculations. We investigate three fiducial models where
different types of experiments complement to determine the parameters with better accuracy. Here,
we include only string parametersGµ, α, p in theoretical parameters θi and calculate the Fisher matrix
for them. Assuming that the cosmological parameters are determined with sufficient accuracy, we set
them to the aforementioned values and do not marginalize the likelihood over them when calculating
constraints on the string parameters. Before that, we show the accessible parameter space by current
and future experiments.
4.1 Accessible parameter space of cosmic string search
Figs. 4(a), 4(b), and 4(c) show the regions in the α − Gµ plane which are excluded by current
experiments or cosmological constraints and those which can be probed by future experiments for
p = 1, 10−1, and 10−2. 5 We also show the fiducial parameter points which we consider in the
following Fisher analysis.
For GW burst, the region above each curve represents the parameter space where bursts from
cosmic strings are detectable more than once per year by each detector. The threshold amplitude
and the most sensitive frequency fbest for each interferometer are fh = 1.7×10−21 and fbest = 150Hz
for current LIGO, fh = 3.4 × 10−23 and fbest = 220Hz for Advanced LIGO, fh = 5.8 × 10−21 and
fbest = 7.0× 10−3Hz for eLISA/NGO, and fh = 1.9× 10−24 and fbest = 0.25Hz for BBO/DECIGO.
For GW background, the detection threshold is determined whether the amplitude of the background
ΩGW exceeds the sensitivity of the detector at fbest, which is ΩGW = 7.2 × 10−6 for current LIGO,
ΩGW = 4.5 × 10−9 for Advanced LIGO, and ΩGW = 9.2 × 10−17 for BBO/DECIGO. We assume
that if the lowest frequency of GWs emitted by strings, flc ∼ (αt0)−1, where t0 is the present age of
the universe, is lower than fbest, the GWs cannot be detected either as a background or burst. The
vertical cutoff on the left side of the curves for eLISA/NGO and BBO/DECIGO correspond to the
value of α which gives flc = fbest.
6
For the latest pulsar timing experiment, we use the constraint on ΩGW from NANOGrav. The
parameter space is excluded if strings predict the GW background larger than ΩGW = 1.9× 10−8 at
f = 1/(5years). Here, we assume that NANOGrav cannot detect GWs if flc > 1/(5years), which
corresponds to the vertical line at the left. For SKA, we show the region where SNR exceeds 4.
We also show the cosmological constraints from CMB and BBN. The constraint is derived from
the fact that the energy density of the GW background must be small at the last scattering and BBN,
so as not to distort the fluctuations of the CMB or not to change abundance of various nuclei. The
CMB constraint is
∫
ΩGW(f)d ln f < 1.4 × 10−5 at the last scattering [99] and the BBN constraint
is
∫
ΩGW(f)d ln f < 1.6 × 10−5 at the epoch of BBN [13, 100]. The lower limit of the integral is
5 Similar figures can be found in other papers, such as [13]. Our results in Figure 4 are similar to those in other
papers, but ours tend to be somewhat larger, because of the difference in the string network model and the parameters
which contains theoretical uncertainty, such as the prefactor of Eq. (9).
6 If we take into account the fact that each interferometer has sensitivity over some frequency range, GWs may be
detectable even if flc > fbest. This may slightly expand the accessible region for large Gµ.
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(a) p = 1
(b) p = 10−1
(c) p = 10−2
Figure 4: Accessible parameter space in the Gµ-α plane for p = 1, p = 10−1 and p = 10−2. The
colored regions are excluded by current experiments or cosmological considerations. The region
above the solid or dashed lines can be probed by each future experiment. For GW direct detection
experiments, solid lines correspond to a background search, and dashed lines correspond to burst
detection. Here, “Adv. LIGO+” means the future interferometer network consisting of Advanced
LIGO, Advanced Virgo and KAGRA and “current pulsar” means the limit from NANOGrav. The
numbered crosses denote the fiducial points studied in Secs. 4.2-4.4.
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(a) The burst rate at f = 220Hz. The bursts in the
blue region are detectable as rare bursts by the future
ground-based interferometer network.
(b) The background spectrum ΩGW.
Figure 5: The burst rate at f = 220Hz and the background spectrum ΩGW for Gµ = 10
−9, α =
10−9, p = 1.
determined by the lowest frequency of the GWs emitted by largest and youngest loops at the time
of CMB and BBN. The upper limit is the frequency of GWs emitted by the earliest loops, which we
assume to be formed at the end of the friction domination, when the temperature of the Universe is
∼ √Gµ.
From Figs. 4(a), 4(b) and 4(c), we find that, for large α, current and future pulsar timing experi-
ments are powerful to search for cosmic strings. On the other hand, pulsar timing experiments cannot
access to small α, and other types of experiments, such as the direct detection by interferometers
or CMB measurement help to set constraints. In the following subsections, we investigate future
constraints on the cosmic string parameters from the different types of experiments by choosing
parameter sets indicated in Fig. 4(a).
4.2 Case 1: Gµ = 10−9, α = 10−9, p = 1 — ground-based interferometers
and pulsar timing experiments
First, we consider the case for Gµ = 10−9, α = 10−9, p = 1. In this case, α is large enough for
GWs to be detected in the frequency range of pulsar timing experiments. For such a value of α,
the tension is already severely constrained and Gµ = 10−9 is the maximum value allowed by current
pulsar timing constraints. Because of the small tension, we do not expect detection of the string
signature by future CMB experiments. However, we instead expect future pulsar timing experiments
such as SKA and the ground-based interferometers will detect GWs from strings.
For this parameter set, future interferometers can detect 168 rare bursts with ρ > 4, where we
assume a 3-year run of the interferometer network consisting of Advanced LIGO, Advanced Virgo
and KAGRA. However, the GW background is not large enough to be detected at f ∼ 102Hz. In
contrast, a 10-year observation by SKA can detect the GW background with ρ ∼ 33. We show
the burst rate dR/d lnh estimated at f = 220Hz, the most sensitive frequency of the ground-based
interferometers, as a function of burst amplitude in Fig. 5(a). We also show the spectrum ΩGW in
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(a) Gµ− α (b) Gµ− p
(c) α− p
Figure 6: Marginalized 2σ constraints on cosmic string parameters shown in the Gµ − α, Gµ − p
and α− p planes. The fiducial parameter set, denoted by the black cross, is taken to be Gµ = 10−9,
α = 10−9, p = 1. The solid black line represents the constraints from the burst detection alone by the
ground-based interferometer network consisting of Advanced LIGO, Advanced Virgo and KAGRA.
The red line represents the combined constraints from the burst detection and the GW background
measurement by SKA.
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Fig. 5(b). The plateau region of the spectrum seen in Fig. 5(b) corresponds to GWs emitted in the
radiation-dominated era, and the bump in the low frequency region corresponds to those emitted
after matter-radiation equality. Since the energy density of GWs is diluted compared with the total
energy density after matter-radiation equality, the GWs emitted in the radiation-dominated era is
more suppressed compared to that emitted recently, and this makes background detection at high
frequencies difficult.
In Figs. 6(a), 6(b) and 6(c), we show the expected constraints on the string parameters from
the burst detection by the ground-based interferometers and the GW background detection by SKA,
estimated by Fisher matrix calculations. Since the constraints from SKA alone are quite weak, we
only show the combined constraints in the figure. One can see SKA slightly improve the constraints
when it is combined to the constraint from the ground-based interferometers. This is because the
constraints from pulsar timing and interferometer experiments have different directions of parameter
degeneracy.
Let us briefly discuss the parameter degeneracy. In this parameter set, α < ΓGµ, so loops
evaporate soon after its formation by emitting GWs of frequency f ∼ (αt)−1, where t is the time of
the GW emission. We provide the rough estimates of the parameter degeneracy in dR/d lnh and ΩGW
for α < ΓGµ in Appendix A. For burst detection, the bursts whose amplitude is comparable to the
sensitivity of the ground-based interferometers, fh ∼ 3.4×10−23, is in the range of h3,2 < h < h3,3 of
Eq. (60), where fh3,2 = 2.3×10−27 and fh3,3 = 2.2×10−22 in this case. So the parameter degeneracy
of the burst rate is ∝ (Gµ)3/8α−3/4p−1. Here, h3,2 and h3,3 are the corresponding amplitude to
characterize when the bursts are emitted (For details, see Appendix A or Ref. [20]). For example,
bursts who has amplitude of h3,2 < h < h3,3 are emitted between the matter-radiation equality and
z ≃ 1. The rough estimate of the background spectrum is given by Eq. (61). For the GW background
measurement by SKA, the second term dominates in Eq. (61), so the parameter degeneracy is
∝ Gµα−1/3p−1. 7.
In this fiducial model, eLISA/NGO can also detect GW bursts from strings. Fig. 7(a) shows
the burst rate at the most sensitive frequency, f = 7 × 10−3Hz. In the case of eLISA/NGO, the
detectable bursts corresponds to the case of h > h3,3 of Eq. (60), where fh3,3 = 6.9 × 10−21 for
f = 7 × 10−3Hz. Such bursts are emitted recently at z . 1. In Figs. 7(b), 7(c), and 7(d), we show
the constraints expected from a 3-year run of eLISA/NGO, which makes 1.4× 104 burst detections
with ρ > 4. One can clearly see eLISA/NGO can provide much stronger constraints than ground-
based interferometers and SKA. And, of course, BBO/DECIGO will determine the parameters with
a significant accuracy. Our Fisher calculation indicates the expected errors on the parameters are
O(0.1)%.
4.3 Case 2: Gµ = 10−7, α = 10−16, p = 1 — ground-based interferometers
and CMB experiments
Next, we study the case where Gµ = 10−7, α = 10−16, p = 1. In this case, α is extremely small,
so pulsar timing experiments cannot detect GWs from strings. This means that the tension is not
7 Note that, the direction of the degeneracy seen in the figures does not directly corresponds to the parameter
dependence described here, since the shown constraints are marginalized over the other parameter.
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(a) The burst rate.
(b) Gµ− α
(c) Gµ− p (d) α− p
Figure 7: (a): The burst rate at f = 7 × 10−3Hz for Gµ = 10−9, α = 10−9, p = 1. (b),(c),(d):
Marginalized 2σ constraints from eLISA on cosmic string parameters in Gµ− α, Gµ− p and α − p
planes, respectively. The black cross represents the fiducial point.
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(a) The burst rate at f = 220Hz. The bursts in the
blue region are detectable as rare bursts by the future
ground-based interferometer network. The bursts in
the orange region form a GW background.
(b) The background spectrum ΩGW.
Figure 8: Same as Fig. 5 but for Gµ = 10−7, α = 10−16, p = 1.
constrained strongly by the current pulsar timing experiments and, if Gµ ∼ 10−7 which is still
allowed by current CMB and LIGO experiments, we can expect future CMB experiments to find
string signatures. Also, we can expect both burst and background detection by future ground-based
interferometers. The ground-based interferometers will detect 1.8×105 rare bursts with ρ > 4 and the
GW background with ρ ≃ 187, where we again assume a 3-year run of the world-wide interferometer
network. We show the burst rate at f = 220Hz in Fig. 8(a) and the background spectrum ΩGW in
Fig 8(b).
In Figs. 9(a), 9(b) and 9(c), we show the constraints on the string parameters from the CMB
observation and the burst and GW background detection by the ground-based interferometers. For
the GW background, we use the weak signal approximation, Eq. (36), to calculate the Fisher matrix.
For CMB, we consider the constraints from Planck and CMBpol. We derive the constraints from
CMBpol neglecting the lensing effect. The results are not significantly affected by including the
lensing effect, as discussed in Sec. 3.4.
In this case, loops are extremely short-lived. The bursts whose amplitude is comparable to the
sensitivity of the ground-based interferometers, fh ∼ 3.4×10−23, corresponds to h > h3,3 in Eq. (60),
where fh3,3 = 4.7 × 10−25 in this case. These bursts are emitted recently at z . 1. Therefore, for
the burst detection, the direction of the parameter degeneracy is ∝ (Gµ)2α1/3p−1. The background
spectrum is again expressed by Eq. (61). The bump-like spectrum in Fig. 8(b) corresponds to the
second term in Eq. (61), which represents GWs emitted recently, and its parameter dependence is
∝ Gµα−1/3p−1. CMB measurements provide information on infinite strings, which is characterized
by only Gµ and p, and do not contain information on α. The overall amplitude of CMB spectra is
proportional to (Gµ)2 and decreasing p leads to enhancement of the amplitude and the change of the
spectral shape as explained in Sec. 3. We numerically find that the dominant contribution to the
Fisher matrix comes from the temperature spectrum around 1000 . l . 2000. For such values of l,
CTT,strl is roughly proportional to p
−2, as shown in Fig. 2(b). Therefore, the parameter degeneracy
of the CMB constraint is ∝ (Gµ)2p−2.
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(a) Gµ− α (b) Gµ− p
(c) α− p
Figure 9: Marginalized 2σ constraints on cosmic string parameters shown in the Gµ − α, Gµ − p
and α− p planes. The fiducial parameter set, denoted by the black cross, is taken to be Gµ = 10−7,
α = 10−16, p = 1. The solid black line represents the constraints from the burst detection by the
interferometer network consisting of Advanced LIGO, Advanced Virgo and KAGRA alone. The red
line represents the combined constraints from the burst detection and the GW background measure-
ment by the interferometer network. The blue or green lines are the constraints from combination
of interferometers and Planck or CMBpol, respectively. The orange lines are the constraint from
CMBpol alone.
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(a) The burst rate at f = 0.25Hz. The bursts in the
blue region are detectable as rare bursts by the future
ground-based interferometer network. The bursts in
the orange region form a GW background.
(b) The background spectrum ΩGW.
Figure 10: Same as Fig. 5 but for Gµ = 10−14, α = 10−13, p = 1.
4.4 Case 3: Gµ = 10−14, α = 10−13, p = 1 — BBO/DECIGO
Finally, we study the case where Gµ = 10−14, α = 10−13, p = 1. For this small value of Gµ, only
BBO/DECIGO can detect string signals. In this case, BBO/DECIGO detects 35 rare bursts with
ρ > 4 in a 3-year run and measure the GW background with very high SNR, ρ ≃ 510. We show
the burst rate estimated at the best frequency of BBO/DECIGO, f = 0.25Hz, in Fig. 10(a) and the
background spectrum in Fig. 10(b).
Figures 11(a), 11(b) and 11(c) show the expected constraints on the string parameters from the
burst detection and the background measurement by a 3-year run of BBO/DECIGO. Here, we use
the exact formula of the Fisher matrix for the GW background, Eq. (35), because of the high SNR.
The background measurement provides stronger constraints than burst detection. However, the
constraints from background measurement intrinsically have strong parameter degeneracies, since
the information is practically only one ΩGW at f = fbest. Thus, although constraints from the burst
detection is weak because of the small number of detectable events, it dramatically tightens the
errors when combined with the constraints from the background detection. This is again thanks to
the difference in the parametric dependencies.
In this parameter set, loops are marginally short-lived. The bursts detectable by BBO/DECIGO
are emitted recently, z < 1, and their rate is expressed by the case of h > h3,3 of Eq. (60), where
fh3,3 = 4.5 × 10−28. So the parameter degeneracy is ∝ (Gµ)2α1/3p−1. The background spectrum
around f = 0.25Hz corresponds to GWs emitted at z < 1 and is roughly expressed by the second
term of Eq. (61), whose parameter dependence is ∝ Gµα−1/3p−1.
5 Summary
Among many types of cosmic string signatures, gravitational waves from cosmic string loops and
CMB fluctuations induced by infinite strings are important and future experiments will help to test
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(a) Gµ− α (b) Gµ− p
(c) α− p
Figure 11: The 2σ constraints from BBO/DECIGO on cosmic string parameters in the Gµ − α,
Gµ − p and α − p planes. The black line shows the marginalized 2σ constraints from background
measurement alone. The red line represents the combined constraints from burst detection and
background measurement. The fiducial parameter set, denoted by the black cross, is taken to be
Gµ = 10−14, α = 10−13, p = 1.
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the existence of cosmic strings. If detected, we may even able to extract information on the nature
of cosmic strings. In this paper, we extend our previous work which investigated the constraints on
the string parameters from future ground-based GW experiments. In addition to the ground-based
interferometers, this paper have investigated constraints from space-borne interferometers, pulsar
timing arrays and CMB experiments. Furthermore, we have studied the combination of information
from these observations.
Each experiment sheds light on the different aspect of cosmic strings and gives us different in-
formation on strings. More technically speaking, the constraints from different experiments have
different parameter degeneracies. CMB experiments probe infinite strings through their gravita-
tional effects on the background photons, while GW interferometers and pulsar timing experiments
probe string loops by detecting GWs emitted from them. Among GW experiments, each of them
targets a different frequency band; ground-based interferometers detect GWs of f ∼ 220Hz, space-
borne ones probe those of f ∼ 10−4 to 0.1Hz and pulsar timing experiments are sensitive to those of
f ∼ 10−8Hz. GWs of different frequency are emitted at different epoch of the Universe and provide
us with independent information. Besides, different types of GW observations, the burst detection
and the background measurement, provide different information on cosmic strings. These are the
reasons why we can break the parameter degeneracies by combining these experiments and obtain
better constraints on cosmic string parameters.
In this paper, we have studied three different fiducial models, where different types of experiments
are help each other to constrain the string parameters. The first case is Gµ = 10−9, α = 10−9, p =
1, where both future GW interferometers and pulsar timing such as SKA can detect GWs from
cosmic strings. We also calculate constraints from eLISA/NGO and found that it is more efficient
to constrain string parameters than the pulsar timing and ground-based experiments. The second
case is Gµ = 10−7, α = 10−16, p = 1, where both future GW interferometers and CMB experiments
can detect string signatures. The third case is Gµ = 10−14, α = 10−13, p = 1, where the tension is so
small that only ultimate space-borne interferometers such as BBO and DECIGO can detect string
signatures. We have shown that future GW interferometers, especially space-borne ones, are very
powerful to investigate cosmic strings not only because of their extreme sensitivity but also because
they can probe strings in two different ways, the background measurement and the burst detection.
Finally, we should note that, in the case where we can determine the parameters with a very
good accuracy, uncertainties in the string network model become more important. In that case,
further theoretical study will be needed to perform analysis with more accurate modeling, or precise
measurements of cosmic string GWs by future space-borne interferometers may even be able to shed
light on the theoretical uncertainties in the string evolution.
27
Appendix
A Parameter dependence of the burst rate and the GW
background spectrum
In this appendix, we provide rough estimates of the burst rate dR/d lnh and the GW background
spectrum ΩGW to understand the dependence of these quantities on the cosmic string parameters.
We concentrate on the case of α < ΓGµ, where loops are short-lived, since this case applies to all
the fiducial models investigated in Sec. 4. For other cases, see the appendices of Ref. [20].
In this case, α < ΓGµ, the burst rate is given by
dR
d ln h
(f, h) ∼


(Gµ)6/5α−1/5γ−2r
(
Ωm
Ωr
)−11/10
f−18/5t−12/50 h
−11/5
;Gµα−1f−3t−20
(
Ωm
Ωr
)−1/2
≡ h3,1 < h < Gµα2/3f−4/3t−1/30
(
Ωm
Ωr
)−4/3
≡ h3,2
(Gµ)3/8α−3/4γ−2m f
−5/2t−17/80 h
−11/8
;h3,2 < h < Gµα
2/3f−4/3t−1/30 ≡ h3,3
(Gµ)2α1/3γ−2m f
−14/3t−8/30 h
−3 ;h > h3,3
. (60)
Bursts in the range of h3,1 < h < h3,2, h3,2 < h < h3,3, and h > h3,3 are emitted in the radiation-
dominated era, in the matter-dominated era, and at z ≪ 1, respectively. The burst rate for h < h3,1
is suppressed strongly.
The background spectrum is given by
ΩGW(f) ∼ Gµγ−2r
Ωr
Ωm
+Gµγ−2m α
−1/3t−1/30 f
−1/3. (61)
Here, the first term is the contribution from GWs emitted in the radiation-dominated era and the
second one represents GWs emitted recently. Note that the former has smaller amplitude than the
latter by the factor of Ωr/Ωm, since the energy density of GWs decays faster than the total energy
density in the matter-dominated era.
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